We investigate the existence and the form of subnormal solutions of higher-order linear periodic differential equations, and precisely estimate the growth of all solutions.
Introduction and Results
In this paper we use standard notations from the value distribution theory see 1-3 . In addition, we denote the order of growth of f z by σ f and also use the notation σ 2 f to denote the hyperorder of f z , which is defined as σ 2 f lim r → ∞ log log T r, f log r .
1.1
Consider the second-order homogeneous linear periodic differential equation
f P e z f Q e z f 0, 1
where P z and Q z are polynomials in z, but both are not constants. It is well known that every solution f of 1.2 is an entire function. ii 
Lemmas for the Proofs of Theorems
Lemma 2.1 see 7, 8 . Let f j z j 1, . . . , n n ≥ 2 be meromorphic functions, and let g j z j 1, . . . , n be entire functions and satisfy
where i If P 0 / ≡ 0, then 1.11 has no nonzero polynomial solution.
ii Proof. i Firstly, by P 0 / ≡ 0, we see that all nonzero constants cannot be a solution of 1.11 . 
where M > 0 is some constant. Since m s > m, we see that 2.2 is a contradiction. If n < s, then
Set max{deg P j : j 0, . . . , n} h. If deg P j m j < h, then we can rewrite 
2.5
Set
Since f 0 is the polynomial, we see that
By Lemma 2.1, 2.5 -2.7 , we conclude that
, by 2.6 and 2.8 , we see that a 00 a 01 · · · a 0h 0.
2.9
Since h ≥ m 0 deg P 0 , we have P 0 ≡ 0. This contradicts our assumption that P 0 / ≡ 0.
ii Since P 0 ≡ · · · ≡ P d−1 ≡ 0 and P d / ≡ 0 d < s , clearly all polynomials with degree ≤ d−1 are solutions of 1.11 . By P d / ≡ 0 and i , we see that f d cannot be a nonzero polynomial, and hence f cannot be a polynomial with degree ≥ d .
Lemma 2.3 see 9 .
Let f be a transcendental meromorphic function with σ f σ < ∞, and let H { k 1 , j 1 , k 2 , j 2 , . . . , k q , j q } be a finite set of distinct pairs of integers that satisfy k i > j i ≥ 0, for i 1, . . . , q, and let ε > 0 be a given constant. Then, there exists a set E ⊂ −π/2, 3π/2 that has linear measure zero, such that if ψ ∈ −π/2, 3π/2 \ E, then there is a constant R 0 R 0 ψ > 1 such that for all z satisfying arg z ψ and |z| ≥ R 0 and for all k, j ∈ H, one has
Lemma 2.4 see 10 . Let f z be an entire function and suppose that |f k z | is unbounded on some ray arg z θ. Then there exists an infinite sequence of points z n r n e iθ n 1, 2, . . . , where r n → ∞, such that f k z n → ∞ and 
2.15
Lemma 2.9 see 9 . Let f be a transcendental meromorphic function, and let α > 1 be a given constant. Then there exist a set E ⊂ 1, ∞ with finite logarithmic measure and a constant B > 0 that depends only on α and i, j i < j i, j ∈ AE , such that for all z satisfying |z| r / ∈ 0, 1 ∪ E, one has
2.16
Remark 2.10. From the proof of Lemma 2.9 i.e., Theorem 3 in 9 , we can see that exceptional set E satisfies that if a n and b m n, m 1, 2, . . . denote all zeros and poles of f, respectively, O a n and O b m denote sufficiently small neighborhoods of a n and b m , respectively, then
Hence, if f z is a transcendental entire function and z is a point such that it satisfies that |f z | is sufficiently large, then 2.16 holds.
Lemma 2.11 see 4 . Consider an nth-order linear differential equation of the form
where each P j z, w is a polynomial in z and w with P 0 z, w / ≡ 0. 
Proof of Theorem 1.3
i Suppose that P 0 / ≡ 0 and f / ≡ 0 are the solution of 1.11 . Then f is an entire function. By Lemma 2.2 i , we see that f is transcendental.
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Step 1. We prove that σ f ∞. Suppose to the contrary that σ f σ < ∞. By Lemma 2.3, we know that for any given ε > 0, there exists a set E ⊂ −π/2, 3π/2 of linear measure zero, such that if ψ ∈ −π/2, 3π/2 \ E, then there is a constant R 0 R 0 ψ > 1 such that for all z satisfying arg z ψ and |z| r > R 0 , we have
Now we take a ray arg z θ ∈ −π/2, π/2 \E, then cos θ > 0. on the ray arg z θ ∈ π/2, 3π/2 \ E.
By Lemma 2.5, 3.6 , and 3.10 , we know that f z is a polynomial, which contradicts the above assertion that f z is transcendental. Therefore σ f ∞.
Step 2. We prove that 1.11 has no nontrivial subnormal solution. Now suppose that 1.11 has a nontrivial subnormal solution f 0 , and we will deduce a contradiction. By the conclusion in Step 1, f 0 satisfies 1.3 and and σ f 0 ∞. By Lemma 2.6, we see that σ 2 f ≤ 1. Set σ 2 f α ≤ 1. By Lemma 2.9, we see that there exist a subset E 1 ⊂ 1, ∞ having finite logarithmic measure and a constant B > 0 such that for all z satisfying |z| r / ∈ 0, 1 ∪ E 1 , we have 
3.11
From the Wiman-Valiron theory see 2, page 51 , there is a set E 2 ⊂ 1, ∞ having finite logarithmic measure, so we can choose z satisfying |z| r / ∈ 0, 1 ∪ E 2 and |f 0 z | M r, f 0 . Thus, we get where ν r is the central index of f 0 z . By Lemma 2.8, we see that there exists a sequence {z n r n e iθ n } such that |f z n | M r n , f , θ n ∈ −π/2, 3π/2 , lim θ n θ 0 ∈ −π/2, 3π/2 , r n / ∈ 0, 1 ∪ E 1 ∪ E 2 , r n → ∞, and if α > 0, then by 2.14 , we see that for any given ε 1 0 < ε 1 < α , and for sufficiently large r n , exp r α−ε 1 n < ν r n < exp{r α ε 1 n }, 3.13
